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Abstract. We prove that if K and L are compact spaces and C{K) and C{L) are 
isomorphic as Banach spaces then K has a 7r-base consisting of open sets U such that 
U is a, continuous image of some compact subspace of L. This gives some information 
on isomorphic classes of the spaces of the form C([0, 1]") and C{K) where K is Corson 
compact. 



1. Introduction 

For a compact space K we denote by C (K) the Banach space of real-valued continuous 
functions with the usual supremum norm. In the sequel, K and L always denote compact 
Hausdorff spaces. 

By the classical Banach-Stone theorem, if C{K) is isometric to C{L) then K and L 
are homeomorphic, see [23], 7.8.4. On the other hand, if C{K) and C{K) are merely 
isomorphic as Banach spaces, which is denoted by C{K) ~ C{L), then K and L may 
be far from being homeomorphic. By an important theorem due to Miljutin (see |23j . 
21.5.10 or [20]) for every uncountable compact metrizable space K the space C{K) is 
isomorphic to C[0,1]. The Miljutin theorem, together with Bessaga and Pelczyhski 
results from [6], gives a isomorphic classification of spaces of continuous functions on 
metrizable compacta. 

The situation is much more complex when we try to analyse isomorphic classes of 
nonseparable C{K) spaces. Recall for instance that there is an infinite compact space 
K such that C{K) is indecomposable Banach space and, consequently, C{K) cannot be 
isomorphic to C{L) whenever L totally disconnected, see Koszmider [T3], cf. Plebanek 
[2T] . Such a space K has also the property that C{K) is not isomorphic to C{K + 1) 
(here K + 1 denotes the space K with one isolated point added) . Another example of 
a space C{K) such that C{K) ~ C{L) for no totally disconnected compactum L has 
been recently found by Aviles and Koszmider [1]. It remains unclear if there are some 
natural examples of compact spaces K with such a property — see the problem posed 
by Argyros and Arvanitakis [3], page 225. 

There are partial isomorphic classifications when K is a. member of some concrete 
class of compacta, for instance dyadic spaces, see Pelczynski [20]; cf. Galego [TO] . 

In a present paper we discuss the following problem. 
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Problem 1.1. What are necessary topological relations between compact space K and L 
for which C{K) and C{L) are isomorphic as Banach spaces? 

Let T : C{K) — )■ C{L) be an operator such that ||T|| ■ HT^"*^!! < 2. If T is surjective (so 
that T is an isomorphism showing that the Banach-Mazur distance between C{K) and 
C{L) is less than 2) then K is homeomorphic to L; this generalization of the Banach- 
Stone theorem was proved, independently, by Amir [T] and Cambern [7]. Later Jarosz 
|12j . following Benyamini [5], showed that if such T is not necessarily onto then K is 
still a continuous image of a compact subspace of L. It is worth mentioning that the 
Amir-Cambern theorem mentioned above has been generalized beyond the context of 
linear mappings, see e.g. Dutreux and Kalton [9]. 

In [22] we have proved that if T : C{K) — )■ C{L) is an isomorphic embedding which 
is moreover a positive operator then one can define a set-valued mapping from L into 
finite subsets of K which is surjective and upper semicontinuous. This result, partially 
motivated by Okuniev [19], implies that under presence of such embedding the space K 
inherits some topological properties of L. 

We present below a certain answer to Problem 11.11 — we show that if T : C {K) 
C{L) is an arbitrary isomorphism then there are many compact subspaces of K having 
nonempty interior that are continuous images of compact subspaces of L, see Theorem 
16.11 for the precise formulation of our main result. On the way to its proof we follow 
some ideas from Plebanek [22]; however, dealing with arbitrary isomorphisms rather 
than positive embeddings seems to be much more delicate. 

Theorem 16.11 in particular shows that if C([0, 1]'^) is isomorphic to C{L) then L can 
be continuously mapped onto [0,1]'^ (where k is an arbitrary cardinal number), this 
corollary seems to be a new result. Recall that properties of C{K) for K dyadic were 
studied by Pelczyhski [20] and Hagler [TT] . 

When considering isomorphisms between C{K) spaces we can ask which classes of 
compacta /C are stable under taking such isomorphisms (that is, K & K. imphes L E K. 
whenever C{K) ~ C{L)). By the classical Amir-Lindenstrauss theory, the class of 
Eberlein compacta (weakly compact subsets of Banach spaces) is stable in this sense, 
since K is Eberlein compact if and only if C{K) is weakly compactly generated (see e.g. 
Negrepontis [H]). This motivates the following open question which has been around 
for several years, see e.g. 3.9 in [2], 6.45 in Negrepontis [18] or Question 1 in Koszmider 

Problem 1.2. Must K he Corson compact provided C{K) is isomorphic to C{L) where 
L is Corson compact? 

The class of Corson compacta is a natural extension of the class of Eberlein compact 
spaces. Recall that the answer to 11.21 is positive assuming Martin's axiom and the 

^we recall some terminology in the next section 
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negation of continuum hypothesis, see Argyros et. ah [2]. Our main resuh 16.11 yields a 
partial positive answer to II. 2[ see section 6. 

In [17] we proved that if C{K) can be embedded into C{L), where L is Corson com- 
pact, then K is Corson compact too provided K has some measure-theoretic property, 
applicable to several well-studied classes of compacta. However we were unable to verify 
if assuming the continuum hypothesis one can embedd C(2'^i) into C{L), where L is 
Corson compact. We now resolve this problem in the negative, see Corollary 13. 5[ 

The paper is organized as follows. In the next section we collect some standard facts 
on operators and the weak* topology in C{K)*; we also recall some concepts from general 
topology. In section 3 and 4 we analyse the properties of the conjugate operator T* where 
T : C{K) — )• C{L) is an arbitrary isomorphic embedding. This leads to considering finite 
valued maps between compact spaces, see section 4. The final section states our main 
result and its consequences; we also pose some related problems. 



Throughout this paper we assume that K and L denote compact Hausdorff spaces. 
The dual space C{K)* of the Banach space C{K) is identified with M{K) — the space 
of all signed Radon measures of finite variation; we use the symbol Mi (K) to denote the 
unit ball of M{K). Every e M{K) can be written as = /x"^ — /i^ where /i"*" and fi~ 
are mutually singular nonnegative finite Radon measure. Recall that the variation \fi\ 
of fi is defined as = fi'^ + fi~ and the natural norm in M{K) is given by the formula 



In the sequel, the space M{K) is always equipped with the weak* topology inherited 
from C{K)*, i.e. the topology making all the functionals 



continuous, where g G C{K). Note that we usually write ^{g) for jj^g dfi. 

For any x & K we denote by 6x € P{K) the corresponding Dirac measure; recall that 
A(ir) = {5x '■ X G K} is a subspace of Mi{K) which is homeomorphic to K. 

The mapping /i — )■ is not weak* continuous; nonetheless it has the following semi- 
continuity properties. Recall that a real-valued function ip (defined on some topological 
space X) is lower semicontinuous if the set {x & X : ip{x) > r} is open for every r G M. 

Lemma 2.1. For every compact space K 

(i) the mapping M{K) 3 fi If^lid) is lower semicontinuous for every nonnegative 
function g G C{K); 

(ii) the mapping M{K) 9 — )■ is lower semicontinuous for every open set 



Proof. Let IfJ^Kg) > r; put e = \fi\{g) — r. By regularity, there is a continuous function 
h : K ^ [—1, 1] such that fi{gh) > IfJ^Kg) — e/2. Let 0(/i) be an open neighbourhood of 



2. Preliminaries 




U CK. 



3 



/i defined as 

Oifj.) = {u:uigh)> fiigh)-6/2}. 
For every u G 0{fi) we have 

WKg) > y{gh) > fiigh) - e/2 > \n\{g) - e, 

so /i G 0(/i) C {z/ : |z/(5f)| > r}; this shows (i). 

Part (ii) follows immediately from (i) since |/i|(f/) is the supremum of over all 

continuous g : K ^ [0,1] vanishing outside U. □ 

A linear operator T : C{K) — i- C{L) is an isomorphic embedding if the are positive 
constants mi,m2 such that 

"^illfi-ll < 11^5-11 < m2\\g\\, 

for every g G C{K) (so that ||T|| < m2 and < 1/mi). When we say 'embedding' 

we always mean an isomorphic embedding which is not necessarily surjective. 
We recall the following standard fact (see e.g. [I?], Proof of 1.3). 

Lemma 2.2. If T : C{K) — )■ C{L) is an embedding then there are a compact space L' , 
a continuous surjection q : L L' and an embedding T' : C{K) — )• C{L') such that 
T'[C{K)] separates points of the space L' . 

With every bounded operator T : C{K) — )• C{L) we can associate a conjugate operator 
T*, where 

T*:M{L)^M{K), T*{u){f) = u{T f). 

Writing Vy = T*6y for ?/ G L, it is immediate that the mapping L 3 y ^ Uy E M{K) is 
weak* continuous. Note that \\i^y\ \ < \ \T\ \ for every y E L. 

A compact space K is Corson compact if, for some cardinal number k, which can be 
taken to be equal to the topological weight of K, K is homeomorphic to a subset of the 
S~product of real lines 

S(M'') = {x G : |{a : ^ 0}| < u}. 

The class of Corson compacta has been intensively studied for its interesting topological 
properties and various connections to functional analysis; we refer the reader to a basic 
paper [2] by Argyros, Mercourakis and Negrepontis, and to extensive surveys Negrepontis 
[T8] and Kalenda [13]. Recall that the class of Corson compacta is stable under taking 
closed subspaces and continuous images. 
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3. Isomorphic embeddings 

In this section we fix a pair of compact space K and L such that there is an embedding 
of C{K) into C{L). We choose a hnear operator T : C{K) — ?► C{L) such that ||T|| = 1 
and ||T~^|| = 1/m, so that we have 

"^ll^ll < \\Tg\\ < \\g\\, 
for every g G C{K). 

Given y & L, recall that Uy G M{K) is the measure = T*6y. In turn, for a fixed 
X E K there is ^ = fix E M{L) such that niTg) = g{x) for all g G C{K) and 

I I = sup{;u(/i) : I I < 1, /i G ^} < 1/m, 

where = T[C(fi')]. Indeed, such a functional /i can be defined on E by the required 
formula and extended to C{L) by the Hahn-Banach theorem. 
The following fact was noted by Jarosz [T2] . 

Lemma 3.1. If fi = fi^ for some fixed x E K then WvyW > m for fi-almost all y E L. 

Proof. Write again E = T[C{K)] and let N = {y E L : WSy^J] < 1}. 
Then fi{N) = 0. Indeed, we have = |Jr<i ^r, where the sets 

N, = {yEL:\\6y^^\\<r}, 

are closed; it is therefore sufficient to check that \fi\{Nr) = for every r < 1. 
Take any e > and g E C{K) such that ||T5f|| < 1 and fi{Tg) > \ \fi\ \ — e. Then 

\M-e= \fi\{Nr) + \fi\{L \Nr)-e< fi{Tg) = 

= I Tgdf,+ [ Tgdix<r\ix\{L) + \ix\iL\Nr), 

J Nr J L\Nr 

which gives \n\{Nr) <£/{)- — r) and, consequently, |/i|(A^r) = 0, as e > is arbitrary. 

Now for any y E L \ N and any e' > there is g E C{K), \\Tg\\ < 1 such that 
\Tg{y)\ > 1 — e'. Then \\g\\ < 1/m and = \Tg{y)\ > 1 — e'. This implies 

IWyW and we are done. □ 

Lemma 3.2. Consider a fixed x E K and the measure fi = fi^- Take any m! < m and 
e such that < e < (m — m')/2, and suppose that L is a compact subset of L with the 
following properties: 

(i) ll^yll ^ ""^ for every y E L; 

(ii) the function L 3 y ^ has oscillation < e at each point of L; 

(iii) \L) < e. 

Then there is y E L such that \yy{x}\ > m' . 
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Proof. Let us write m" = (m + m')/2. 

Let H be any neighbourhood of x and fn '■ K ^ [0, 1] be a continuous function such 
that fnix) = 1 and fu = ^ outside H. 

CLAIM. There is y G L such that Tfniy) > m". 

Indeed, otherwise 

1 = Mx) = fiiTfn) = [TfHdfi+ [ TfH d/i < 

Jl Jl\l 



m" 



<m"\^i\{L)+e< — + £, 
m 

since \jJ.\{L) < \l^\{L) = \ \ < 1/m. It follows that 

m — m" m — m' m — m' 

e > 1 — m /m = = > , 

m 2m 2 

a contradiction with our choice of this verifies Claim. 

Let be a local base at x; for every H G 'H(x) we choose a continuous function 

fn '■ K ^ [0, 1], such that fnix) = 1, = on if'^. By Claim there is yn G Lj such 
that yyaifn) > m" . 

The points yn form a net indexed by G 'H(x) ordered by inverse inclusion. Passing 
to a finer subnet if necessary we can assume that yn converge to some y E L; then y E L 
since L is compact. We shall check that is as required. By regularity, in order to 
verify It'j/KIa;}) > m' it suffices to check that jz^yK?/) > m' for every open set U 3 x. 

Given an open set U 3 x, choose a continuous function g : K [0,1] such that g = 
outside U and (7 = 1 on an open set V containing x. For any H G Tilx) with H we 
have \i^yjj\{g) > WynlifH) > Moreover, it follows from (ii) that Hz^yji^H < H^^yll 
for cofinally many H. Hence 

\uyj{l-g) < \uyJ{K)-m" < \uy\{K) + e - m" < \iyy\{K)-m', 

because e — m" < —m' by our assumption on e. Since ^ Vy, it follows from Lemma 
I2.1( i) and the above inequality that 

\uy\{l-g) < \uy\{K)-m'. 

We conclude that It'yKf/) > Iz^j/K*?) > and the proof is complete. □ 

Proposition 3.3. // T : C{K) C{L) is an isomorphic embedding then, writing 
Vy = T*6y for y E L, for every x E K we have 

1 

sup{|z/j^({x})| ■.yEL}> 



\T\\\\T 



-11 
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Proof. Clearly we can assume that ||T|| = 1 and denote m = 1/||T~^|| > 0. The 
function L 9 ?/ — )■ ||z/y|| is lower semicontinuous hence Borel. Given x & K, hj Lemma 
13.11 Wi'yW > m /ijj-almost everywhere. By the Lusin theorem we can therefore find for 
any m' < m and any e > a compact set L C L with \n\{L \ L) < e and such that 
L 3 y ^ \ \uy\ \ is continuous. Applying Lemma [3.21 we conclude the proof. □ 

Recall that a set L C M{K) is said to be m-norming, where m > 0, if for every 
g G C{K) there is fi E L such that > m- \ \g\\. 

Corollary 3.4. If K is a compact space and L C Mi{K) is weak* compact m-norming 
set then sup{|z^|({a;}) : z/ G L} > m for every x & K. 

Proof. Since L is weak* compact it is bounded in M{K). For such a space L the mapping 
T : C{K) — )■ C{L) given by Tg{v) = g{v) is a bounded operator and T is an embedding 
as ||T~^|| < 1/m. Hence the assertion follows from Proposition 13. 3[ □ 

We conclude this section by showing the following result on Corson compacta. 

Corollary 3.5. Let K he such a compact space that caxdK > c and caTd[C{K)] = c. 
Then C{K) cannot he isomorphically emhedded into C{L) with L heing Corson compact. 

Proof. Suppose otherwise and let T : C{K) — )■ C{L) be an embedding, where L is 
Corson compact. Since the class of Corson compacta is closed under taking continuous 
images, it follows from Lemma 12.21 that we can additionally assume that the functions 
from T[C{K)] distinguish points of L. As the space C{K) has cardinality c, it follows 
that there are c many continuous functions on L separating points; this implies that the 
topological weight of L does not exceed c. Then L is homeomorphic to a subspace of 
S(M'^) (which is of cardinality c) so in particular cardL < c. 

On the other hand, taking < r < 1/(||T|| ■ ||T^^||), by Proposition 13.31 to every 
X G -ft' we can assign 9{x) G L such that > Since every |z/j,| is a finite 

measure there may be only finite number of atoms of measure \i>y\ greater than r. It 
follows that 6 : K ^ L is a finite-to-one map and therefore cardi^ < c, contrary to our 
assumption. □ 

At this point it is worth recalling that assuming Martin's axion and the negation of 
the continuum hypothesis (MA+ -iCH for short), if L is Corson compact then Mi(L) 
is also Corson compact in its weak* topology, Argyros et al. [2]. Consequently, if 
T : C{K) — C{L) is an embedding then T*[Mi{L)] is Corson compact and so is K 
(T*[Mi(L)] contains a ball in M{K) because T* is onto and K can be embedded into 
the space of measures via the mapping K 3 x ^ 6x). 

The above argument fails if CH is assumed but using Corollary 13.51 we can prove the 
following. 

Corollary 3.6. Assuming CH, C(2'^i) cannot he emhedded into C{L) with L heing Cor- 
son compact. 
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Proof. Under CH the Cantor cube K = 2^^ has cardinahty 2'^ > c. Moreover, there are 
only c many continuous functions on K because every such a function is determined by 
countably many coordinates. Hence we can apply Corollary 13.51 □ 

We do not know if Corollary 13.61 can be proved without any extra set-theoretic axioms, 
i.e. we do not know what happens when 2'^^ = c but MA does not hold. It will become 
clear in section 6 that spaces such as (7(2'^^) cannot be isomorphic to a space C{L) 
whenever L is Corson compact. 

4. Isomorphisms 

We now consider a fixed pair of compact spaces K and L and an isomorpism T from 
C{K) onto C{L). As before, we usually assume that ||T|| = 1 and ||T^^|| = 1/m. Now 
for every x E K the measure fix on L is uniquely defined by the formula fi^iTg) = g{x). 
Moreover, fi^ = (T~^)*{6x) so the mapping x ^ fi^^ is weak* continuous. Note that 
1 < 1 1/^x1 1 < 1/m for every x E K and m < Ht'j;!! < 1 for every y & L. 

In the sequel, we say that a set G C K is half-open if G = C fl for some closed 
C K and some open V K. 

Lemma 4.1. For every e > and any closed Z ^ L there is a finite partition {Gj : j < 
jo} of K into half-open sets Gj such that for every j < jo and Xi,X2 G Gj we have 

(*) \\f^xr\{Z) - |/ix2 1(^)1 < e- 

Proof. As the function a; — )■ \ \fix\ \ is lower semicontinuous, the sets 

Ki = {xeK: < l + t{e/2)}, 

are closed and Ki = K for i big enough. To prove the lemma it will do to show that 
every set of the form G = Ki+i \ Ki can be decomposed into finitely many half-open sets 
Gj so that (*) holds for any Xi,X2 G Gj. 

Again, since x ^ \fix\{L\ Z) is lower semicontinuous by Lemma 12711 (11). the sets 

Fj = {xeK:\fXx\{L\Z)<j{el2], 

are closed. Now if we put = G fl (-Fj+i \ Fj) then for Xi, X2 G Gj we have 

\\fixMZ) - < \\^^x^{L) - \fix2\{L)\ + \\^^x^{L\Z) - < e. 

□ 

Lemma 4.2. // {Gj : j < jo} is a partition of K into half-open sets then for every 
nonempty open set U ^ K there is nonempty V ^ U such that V C Gj for some j < jo. 

Proof. Let us write Gj = Vj Ci Gj, where Vi is open and Gj is closed. Note that there is 
j < jo such that U nVj H int(Gj) 7^ for, otherwise, we would have 

[/C U(G,\int(G,), 

j<jo 
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but U cannot be covered by a finite number of nowliere dense sets. □ 

Lemma 4.3. Let Zi C Z2 ^ = L be closed subsets of L and let rj > 0. Suppose that 
U ^ K is a neighbourhood of xq E K such that for Z = 1, 2, 3 and every x E U 

(*) Wf^xliZi) -\fi^^^\{Zi)\ <r]. 

Then there is an open set V with xq E V ^ U and a closed set //i C Z2 \ Zi such that 
for every x E V we have 

|/i,.|(Li) > 1/2,1(^2 \Zi)- 477. 

Proof. Note tliat tliere is a continuous function h : L — > [0, 1] such that its support 
S = {y E L : h{y) > 0} is disjoint from Zi and 

f^xoih) > \ficco\{L\Zi) - rj. 

We put Li = S r\ Z-2 and define V as 

V = {x eU : \^ix{h) < 7]}] 

then V is open since the mapping x — )■ fix{h) is continuous. 
Now for any x E V 

1/^x1(5) > ficc{h) > fixoW -r]> \fixo\{L \ Zi) -2r]> \fix\{L \ Zi) - Ar], 
where the last inequahty follows from (*) apphed to / = 1 and / = 3. It follows that 

\^^x\{Ll) > \^ix\{Z2 \ Zi) - 4r7, 
for X eV , and we are done. □ 

Theorem 4.4. Suppose that K and L are compact spaces such that C{K) is isomorphic 
to C{L); let T : C{K) — )■ C{L) be an isomorphism such that \\T\\ = 1, \\T^'^\\ = 1/m. 
Then, given m' < m and e > 0, for every nonempty open set U K there is a nonempty 
open set V U and a compact set L (1 L such that 

(a) the function L 3 y ^ \ \iyy\\ has oscillation smaller than e at each y G L; 

(b) for every x eV there is y E L such that \i^y{{x})\ > m' . 

Proof. Let Zi = {y E L : ||z^y|| < m + ei}. Then ^1 C Z2 C . . . C L are closed and 
= L for some iq. Take rj > such that rj < e/ (4io). 
Applying Lemma H?T] to each Zi we infer that K can be partitioned into a finite number 
of half-open sets Gj, j < jo, such that for every j and x, x' E Gj we have 

||yUa;|(Zi) - \flx'\{Zi)\ < r], 

for all i < iQ. 

Given open 7^ f/ C /C, by Lemma there is 7^ TV C f/ such that W C Gj for 
some j < jo- Take Xq E W; by Lemma [4.31 (applied a finite number of times) there are 
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an open set V, where xq & V C W, and closed sets Li C Zj+i \ Zi such that for every 
X & V and every i < io 

IfJ'xliLi) > \fir,\{Zi+i \ Zi) - At]. 

Letting L = |Ji<io -^i "we have > — s for every x gV. 

We finish the proof referring to Lemma I3.2[ Indeed, we can of course assume that 
e < {m — m')/2; the set L satisfies (ii) of Lemma [3.21 since Lj are pairwise disjoint. □ 

5. Finite valued maps 

Let K and L be compact spaces. We shall consider in this section finite-valued set 
mappings form L into [-ft']^'^, the family of all finite subsets of K. 

Definition 5.1. A function ip : L [K]'^'^ is said to be 

(i) upper semicontinuous if the set {y E L : ^{y) C f/} is open for every open 
U <ZK] 

(ii) lower semicontinuous if the set G L : ipiy) fl f/ 7^ 0} is open for every open 
U <ZK- 

(iii) surjective if [J^^^ (^(y) = K. 

It is clear that both upper and lower semicontinuity imply continuity in case the set 
valued function is single-valued. The function that we consider below satisfy a certain 
e-version of upper semicontinuity and are, in a sense, locally lower semicontinuous. 

Let us note that if K is the space [0, 1] x {0, 1} with the topology defined by the 
lexicographic order (that is K is the familiar double arrow space with two additional 
isolated points) then there is a surjection ip : [0, 1] — i- [K^ which is upper semicontinuous 
while no essential part of i^' is a continuous image of the subset of [0, 1]. 

We consider set valued mappings that arise in connection with isomorphisms T : 
C{K) — )■ C{L), as described in Theorem 14.41 Let us briefly summarize the context. 

5.2 Throughout this section we assume that we are given two compact spaces K and 
L, and a mapping L 3 y ^ Vy & Mi{K) such that for some m > (previously called 
m') 

5.2(a) y — )■ z/y is weak* continuous; 

5.2(b) y — )■ {I'yKU) is lower semicontinuous for every open U K; 
5.2(c) for every x E K there is y E L with |z^?/({a;})| > m. 
5.2(d) the mapping y — )■ has oscillation < e at every y E L. 

Here e is a positive constant depending only on m; it will turn out that any e < m/18 
will do. 

For any r > we define 

^riy) = {x e K : \iyyi{x})\ > r}. 
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Then (pr '■ L [K]-^ where p is the integer part of 1/r since Wi'yW < 1 for every y & L. 
Note also that for every r < m, ipr is onto by 5.2(c). 

Lemma 5.3. If U (1 K is open and (pr~e{y) ^ U for some y E L then there is a 
neighbourhood W of y such that ipr{z) C U for every z G W . 

Proof. As Lfr-eiy) — ^ i X E K \U we have |^'j,({a;}) \ < r — e and therefore there 

is an open set 3 x such that |z/j^|(t4) < r — e. There are Xi, i < io, such that the sets 
Ui = Ux^ form a finite cover of K \ U. Let 

f] = mm{r - e - \iyy\{Ui) : i < io}. 

Using 5.2(b) we can find an open set W 3 y such that if z E W then 

\u,\{K\U;)>\uy\K\U;)-r], 

for every i < io. By 5.2(d) we can moreover assume that ||i^z|| < \ \i^y\ \ + £ for z E W. 
Take any z E W and x E K \ U . Then x E Ui for some i < io and hence 

WMx}) < W.\m = \u,\{K) - \u,\{K\U;) < 

< \i^y\{K) + e - \uy\{K \Ul) + 7] = \iyy\(Ui) + r] + e < r. 
Hence (pr{z) C U for z E W, and we are done. □ 

Lemma 5.4. For any r > e 

[j <^r{y) ^ U '^r-s{y)- 

y&L yeL 

Proof. Suppose that x ^ (y) for every y E L. Then for every y E L there is Uy 3 x 
such that ipr-eiy) ^ K\Uy. By Lemma 15.31 ^Pr{.z) <^ K \Uy for z from some open set 
Vy 3 y. Take a finite cover Vy., j < jo of L and let U = C\j<jo ^vr Then U is disjoint 
from Uyg^ ^riy), so X ^ IJ^^eL vAy), as required. □ 

Proposition 5.5. Let K and L he compact spaces such that there is a mapping L 3 
y ^ Vy E Mi{K) as in 5.2. Then inside every nonempty open subset of K there exists 
a compact set K with nonempty interior which is a continuous image of some compact 
set Li C L. 

Proof. We shall find aset K (1 K with the required property; it will become clear how to 
modify the argument to get a set K that is contained in a given open nonempty subset 
of K. 

We shall first reduce the prove to the case in which for some r 
(t) U ¥>r{y) = K- while 

iX)V{'i/2)r{.y) = for every y E L. 
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Such a reduction may be done as follows: Let 
ro = inf{r > : int I |J j = 0}. 

Then m < tq < 1. Choose ri such that ri+e < tq < (3/2)ri. By our choice of constants 
there is a compact set Ki with nonempty interior such that 

Kl<^[j ^r,+e{y) \ [j ^(3/2)ri(y)- 

Then Ki C IJj/gl '^''i (^) Lemma EH and Iz^j/Klx}) < (3/2)ri for every x & Ki and 

Now we might consider Ki instead of K from this point; instead let us simply assume 
that (t) and |) are satisfied (and r is fixed). 

For the sake of the proof of Claim below we need to know that {2>/2)r + 2e < 2{r — 2£). 
This is equivalent to £ < r/12. Since r > (2/3)m we can fix e to be any positive constant 
< m/18. 

CLAIM. Any x & K has an open neighbourhood U such that caid{(pr-2e{y) H f/) < 1 
for every y & L. 

To verify Claim take any y E L and choose Uy 3 x such that \i^y\{Uy) < (3/2)r. Then 
by Lemma I2.1( ii) there is open Vy 3 y such that for every z & V 

\uy\{K) > \u,\{K) - e; 

\u,\iK\Try)>\Uy\iK\U-y)-e. 

The first requirement can be fulfilled by 5.2(d) while the second by Lemma [2.1( ii). It 
follows that for any z & Vy we have 

< \iyy\{K) - \uy\{K \U^) + 2e = | z/j, | (f^) + 2e < (3/2)r + 2e. 
As we have fixed e so that (3/2)r + 2£: < 2(r — 2e) (see the remark prior to Claim) then 
it follows that (pr-e{y) cannot intersect U at two points. 

Take a finite set s C L such that the sets Vy, for y & s form a cover of L. Then 
U = flj/gs is ^s required; this finishes the proof of Claim. 

We now let 

Y = {yeL:^r{y)nUj^iD}, 

where U is the set as in Claim. Then ifr-eiy) H f/ 7^ for every y hj Lemma [5.31 
Finally, we define h : Y U so that h(y) is the unique point in U H (pr-eiy). Then h 

maps Y onto U so it remains to check that h is continuous. 
Let the set F ^ U he closed. Then h~^[F] = A, where 

A = {yeY:y,r-e{y)nFj^(/}}, 
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and A is closed. Indeed, if y ^ A, i.e. ipr-e H F = then ipr-2e{y) fl F = as well, and it 
follows from Lemma [5.31 that (fr-e{z) = for all z from some neighbourhood of z. □ 

6. Results and questions 
Now we are ready to state and prove our main result. 

Theorem 6.1. Let K and L he compact spaces such that C{K) is isomorphic to C{L). 
Then for every nonempty open set U K there exists a nonempty open set V ^ U such 
that V is a continuous image of some compact subspace of L. 

Proof. Apply Theorem 14.41 for any positive m' < m; this gives V K and L C L 
satisfying (a) and (b) of Theorem 14.41 Then use Proposition 15.51 with V playing the role 
of K, L replacing L, and m' standing for m (with any e such that < e < m'/12). □ 

Of course the above theorem gives no information for spaces K having dense sets of 
isolated points. On the other hand, the result has the following consequences. 

Corollary 6.2. Suppose that K has a n-base consisting of open sets V K such that K 
is a continuous image ofV. Then whenever L is a compact space such thatC{K) ~ C{L) 
then K is a continuous image of a compact subspace of L. 

Corollary 6.3. Given a cardinal number k, and a compact space L, if C [0,1]'^ is iso- 
morphic to C{L) then L maps continuously onto [0, 1]". 

Proof. Clearly [0,1]'^ satisfies the assumption of Corollary 16.21 so C{K) ~ C{L) implies 
that there is a compact subspace Li C L and a continuous surjection 6 : Li [0, 1]"; in 
turn such 9 can be extended to a continuous mapping L — )■ [0, l]*^ by the Tietze extension 
theorem. □ 

Corollary 6.4. If L is Corson compact and C{K) ~ C{L) for some compact K then K 
has a Tc-base of sets with Corson compact closures. In particular, K is Corson compact 
itself whenever K is homogeneous. 

Proof. The first assertion follows from Theorem 16.11 since the class of Corson compacta 
is closed under taking compact subspaces and continuous images. 

If K is homogeneous that it follows that can be covered by a finite family {Vi : i < io} 
of open sets where Vi is Corson compact for every i. Then a disjoint union K' = 0j<jp Vi 
is Corson compact and so is K since i^' is a continuous image of K'. □ 

In connection with Problem 11.21 which, in full generality remains open, one can ask 
the following questions. 

Problem 6.5. Does C{K) ~ C{L) imply that K and L have the same tightness? 

Must K be a Frechet space (sequentially compact) whenever C{K) ~ C{L) with L 
being Frechet (sequentially compact)? 
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Recall that the tightness of K is < k, if for every A (1 K and x & A there is Aq of 
cardinality < k such that x G Aq. is a Frechet space if x & A implies that some 
sequence from A converges to x. Every Corson compactum has countable tightness and 
is a Frechet space. 

The Frechet property is a generalization of first-countability. It is worth noting that 
there is a first- count able compact space L and a compact space K such that C{K) ~ 
C{L) but K is not first-countable; this was comunicated to us by Koszmider |16] . 

We have proved in [22] that if there is a positive embedding of C{K) into C{L) then the 
tightness of K is less than or equal to the tightness of L and, K is Frechet (sequentially 
compact) whenever L is. 

Finally, let us remark that the main obstacle in analysing embeddings (or isomor- 
phisms) T : C{K) — > C{L) is that the mapping L 3 y ^ \\T*5y\\ need not to be 
continuous. Assuming that such a mapping is actually continuous one can show that 
there is a positive embedding C{K) — )• C(L x 2), see [22] . 
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